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Anindya Dey
Theory Group and Texas Cosmology Center
University of Texas at Austin ∗
Abstract
We study an N = 2, pure U(1) SYM theory on a Gibbons-Hawking space Ω-deformed using
the U(1) isometry. The resultant 3D theory, after an appropriate “Nekrasov-Witten” change of
variables, is asymptotically equivalent to the undeformed theory at spatial infinity but differs
from it as one approaches the NUT centers which are fixed points under the U(1) action. The
3D theory may be recast in the form of a generalized hyperka¨hler sigma model introduced in [1]
where the target space is a one-parameter family of hyperka¨hler spaces. The hyperka¨hler fibers
have a preferred complex structure which for the deformed theory depends on the parameter of
Ω-deformation. Themetric on the hyperka¨hler fiber can be reduced to a standardmetric on C× T2
with the modular parameter of the torus depending explicitly on the Ω-deformation parameter.
The contribution of theNUT center to the sigmamodel path integral, expected to be a holomorphic
section of a holomorphic line bundle over the target space on grounds of supersymmetry, turns
out to be a Jacobi theta function in terms of certain ”deformed” variables.
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1 Introduction and Main Results
1.1 Basic Idea
Seiberg and Witten, in the seminal paper [5], studied the IR Lagrangian for N = 2
supersymmetric theories in four dimensions compactified on S1 × R3, with S1 of fixed
radius R. Around a generic point of its moduli space, the IR Lagrangian is a sigma model
with a hyperka¨hler target spaceM[R] and a metric which depends in a non-trivial way
on the radius R. In the context of wall-crossing phenomena for N = 2 supersymmetric
theories, corrections to the hyperka¨hler metric g[R] due to massive BPS particles in the
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limit of large R were studied in [3]. An interesting generalization of the Seiberg-Witten
story involves studying the compactification of N = 2 theories on 4-manifolds where
the circle direction is fibered non-trivially on the R3 base with isolated points where the
fiber degenerates. Gibbons-Hawking space or multi-centered Taub-NUT space (GH) is a
special example of such spaces which preserve 4 out of the 8 real supercharges of N = 2
supersymmetry algebra. The metric on GH locally has the form
ds2 = V(~x)d~x2 +
R2
V(~x)
(dχ− B)2 (1.1)
where ~x is a coordinate in R3, V(~x) a harmonic function on R3 with isolated (coordinate)
singularities and B a 1-form on R3 which obeys ⋆(3)dV = RdB. This is a hyperka¨hler
manifold with an SU(2) holonomy rather than the generic SU(2) × SU(2)/Z2 , and this
reduced holonomy admits 4 covariantly constant spinors. The preserved SUSY, however,
is not N = 1 in 4D, as should be obvious from the fact that the metric in (1.1) breaks
translation symmetry.
The metric on GH has an SU(2) ×U(1) isometry, where the U(1) vector field gener-
ates translations along the circle fiber. The coordinate singularities in V(~x), also called
NUT centers, are fixed points under this U(1) isometry.
In [1], the study of N = 2 theories on Gibbons-Hawking spaces was initiated and
the effective low-energy description after reduction along the circle fiber was formulated.
The resultant 3d theory turns out to be a generalized version of the hyperka¨hler sigma
model and has two important ingredients which may be summarized as follows:
• Local Lagrangian: For N = 2 theories compactified on S1 ×R3, the low-energy ef-
fective theory can be formulated in terms of a local Lagrangian which is simply a
hyperka¨hler sigma model in 3d [6]. Away from the NUT centers, the low-energy ef-
fective description ofN = 2 theories on a Gibbons-Hawking space is also given by a
local Lagrangian. It is a sigma model with a target space M˜ – a one-parameter fam-
ily of hyperka¨hler spaces (of quaternionic dimension r) parametrized by the scalar
ϕ0 = V(~x)R – which we treat as a (4r + 1)-real dimensional space. The sigma model
Lagrangian involves a (possibly degenerate) bilinear form g on TM˜, which restricts
on each constant ϕ0 fiber to a hyperka¨hler metric. Being hyperka¨hler, the fibers of M˜
carry a CP1 worth of complex structures. While all these would be on the same foot-
ing in the usual hyperka¨hler sigma model, one of them is preferred in the deformed
model.
Aside from the standard terms in the sigma model, the Lagrangian involves one
extra coupling, of the schematic form
1
8π
∫
R3
dB ∧ ϕ∗A (1.2)
where A represents a U(1) connection in a line bundle L over the family M˜, and
ϕ∗A is its pullback to R3 via the sigma model field ϕ.
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• NUTOperator: Dimensional reduction procedure needs to be modified for the NUT
centers where the circle fiber shrinks to zero. For every NUT center, we cut out
a ball of radius L and study the theory on a manifold with boundaries in a limit
E ≪ 1/L ≪ 1/R – each boundary has the topology of S3 in 4d and that of S2 in 3d.
The contribution of each such boundary to the sigma model action is a boundary op-
erator Q, which in the limit E ≪ 1/L ≪ 1/R, is simply given by the lowest term in
the derivative expansion – an operator Q(φ) which is a function of constant bound-
ary fields φ along S2. Supersymmetry imposes strong constraints Q(φ). Defining
k = 14π
∫
S2 dB, Q(ϕ) obeys
∂¯Q + kA(0,1) = 0. (1.3)
where ∂¯ and A(0,1) are defined with respect to the preferred complex structure on the
fiberM[ϕ0].
Geometrically, for (1.3) to make global sense, eQ should be a holomorphic section of
Lk, where L is the line bundle introduced above with the U(1) connection A –with
respect to a holomorphic structure on L determined by A(0,1). Since any two such
sections will differ by a global holomorphic function, in the preserved complex struc-
ture, andM has rather few global holomorphic functions, (1.3) is a very strong con-
straint on Q.
While the role of the preferred complex structure was clear in [1], it is natural to ask
whether other complex structures on the hyperka¨hler fiber play any role in the gener-
alized sigma model. The present work clarifies this specific issue – it shows that other
complex structures arise naturally if one considers an Ω-deformed theory on a Gibbons-
Hawking space (using the U(1) isometry along the circle fiber) and makes certain change
of variables (Nekrasov-Witten transformation) [4] such that the deformed theory is asymp-
totically equivalent to the undeformed one up to some trivial rescaling of parameters. In
fact, the Nekrasov-Witten transformation ensures that the Ω-deformed theory is equiv-
alent to the undeformed theory everywhere that the U(1) action is free. However, for a
Gibbons-Hawking space the U(1) action has a fixed point at the NUT center and therefore
the theory is no longer equivalent to the undeformed one as one approaches the NUT cen-
ter. We will demonstrate that the generalized sigma model associated to the Ω-deformed
theory, combined with this change of variables, has a preferred complex structure which
is different from that of the undeformed theory and depends on the Ω-deformation pa-
rameter. In particular, the NUT center operator in the deformed theory will be a holo-
morphic section with respect to this new complex structure. We mainly focus on the case
of N = 2,U(1) SYM and among other things, work out the exact NUT center operator in
the deformed theory.
1.2 Review of the generalized hyperka¨hler sigma model
Let us review the generalized hyperka¨hler sigma model as introduced in [1]. It is con-
venient to first discuss the standard hyperka¨hler sigma model [6, 7, 8] and then extend it
to the generalized case.
4
Standard hyperka¨hler sigma model
Recall that the standard hyperka¨hler sigma model describes the IR theory of anN = 2
SYM on R3 × S1. On the Coulomb branch, the gauge group G is higgsed to U(1)r (r =
rank(G)) by vevs of the adjoint scalars – the IR theory therefore involves 4r scalars – 3
adjoint scalar and one dual photon for each U(1) factor. The hyperka¨hler sigma model is
completely specified by the field content of the theory and certain differential geometric
data on the target spaceM, as described below.
Field Content
• The 4r scalar fields in the sigma model are ϕi : R3 → M, where i = 1, 2, . . . , 4r.
Sp(r) holonomy of the target space implies the following decomposition of the com-
plexified tangent bundle TCM = H⊗ E, where H is a complex rank 2 trivial bundle
with SU(2) structure group and E is a complex rank 2r bundle with structure group
Sp(r). 1
• The 4r 2-complex component fermions are ψA′α , ψ¯A
′
α – valued in the Sp(r) bundle.
• 8-complex dimensional space of SUSY parameters (ζEα , ζ¯Eα ) – valued in the SU(2)
bundle.
Differential Geometric Data onM
• Ametric g onM and a Levi Civita connection – written as Γkij in local coordinates.
• A connection in the Sp(r) bundle – qA′iB′ in local coordinates.
• A ”frame” onM, which is given by the isomorphism e : TCM→ H ⊗ E and repre-
sented by ei EE′ in local coordinates.
• Constraint from supersymmetry requires that the covariant derivative of eiEE′ must
vanish. In local coordinates,
∂jeiEE′ − qA′jE′eiEA′ = ΓkjiekEE′ (1.4)
Local Lagrangian
• Explicitly, the local Lagrangian for the sigma model is given as
4πL = 1
2
∂µϕ
i∂µϕjgij − iψ¯αA′γµαβ (∂µψA
′β + qA
′
B′i∂µϕ
iψB
′β) +
1
2
ΩA′B′C′D′(ψ
A′
α γ
µα
β ψ¯
B′β)(ψC
′
δ γ
δ
µωψ¯
D′ω).
(1.5)
where ΩA′B′C′D′ is the Riemann tensor contracted with e
i
AA′ and the antisymmetric
SU(2) tensor ǫAB.
1 We will use unprimed uppercase Latin letters for Sp(1) indices and primed uppercase Latin letters for
Sp(r) indices.
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• The SUSY transformation of the above action generated by 8-complex dimensional
space of SUSY parameters (ζEα , ζ¯
E
α ) is
δζϕ
i = ψE
′αζ¯Eα e
i
EE′ + ψ¯E′αζ
α
Ee
iEE′ , (1.6)
δζψ
A′
α = −i∂νϕieEA
′
i γ
νσ
α ζσE − qA
′
iE′δζϕ
iψE
′
α , (1.7)
δζψ¯
α
A′ = −i∂νϕieiEA′γνασ ζ¯σE + qE
′
iA′δζϕ
iψ¯αE′. (1.8)
Having familiarized ourselves with the standard story of a hyperka¨hler sigma model,
one can now readily extend it to the generalized sigma model.
Generalized hyperka¨hler sigma model
Since the generalized hyperka¨hler sigma model gives the IR theory of an N = 2
SYM compactified on a Gibbons-Hawking space, its scalar fields must include 4r scalars
present in the standard sigma model. In addition, there is a non-dynamical, background
scalar ϕ0 which is a harmonic function on R3. Roughly speaking, ϕ0 controls the size of
the circle fiber as one moves in R3.
The target space of the sigma model is a 1-parameter family of hyperka¨hler manifolds
parametrized by ϕ0 –we refer to the total space as M˜. As before, the sigma model is com-
pletely specified by the field content of the theory and certain differential geometric data
on the target space M˜, as described below.
Field Content
• The 4r+ 1 scalar fields in the sigmamodel are ϕi : R3 → M˜, where i = 0, 1, 2, . . . , 4r.
Of these, ϕ0 is a background, harmonic function on R3 and has a dual 1-form B such
that ⋆dB = dϕ0. The SU(2) bundle H and the Sp(r) bundle E are extended over the
full space M˜.
• The 4r 2-complex component fermions are ψA′α , ψ¯A
′
α – valued in the Sp(r) bundle.
• 4-complex dimensional space of SUSY parameters is given by (ζEα , ζ¯Eα ) – valued in
the SU(2) bundle– subject to the following constraints
cEζαE = 0, cEζ¯
E
α = 0. (1.9)
which reduce the number of preserved supersymmetry to 4 from 8. The supersym-
metry parameters may depend explicitly on ϕ0, such that
∂µζ
α
E + f (ϕ
0)∂µϕ
0ζαE = 0,
∂µζ¯
α
E + f (ϕ
0)∂µϕ
0ζ¯αE = 0.
(1.10)
Differential Geometric Data on M˜
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• A degenerate metric g on M˜ which restricts to a hyperka¨hler metric on each fiber
M˜[ϕ0]. The Levi Civita connection is naively extended to the full space M˜ – we
write it as Γkij (with i, j, k = 0, 1, . . . , 4r) in local coordinates. Note that one cannot
simply derive this connection from the metric g and to compute these one needs
some prescription, which we state below.
• A connection in the Sp(r) bundle now extended over M˜ – qA′iB′ in local coordinates.
It is convenient to define a shifted version of the connection q˜A
′
jE′ = q
A′
jE′ + f (ϕ
0)δ0j δ
A′
E′ ,
where f (ϕ0) is the function defined above.
• A ”frame” on M˜, which is given by the surjection e : TCM→ H⊗E and represented
by ei EE′ in local coordinates.
• A necessary condition for supersymmetry is a certain generalization the covariant
constancy of eiEE′. In local coordinates,
∂jeiEE′ − q˜A′jE′eiEA′ = ΓkjiekEE′ (1.11)
Given eiEE′ , q
A′
jE′ and f (ϕ
0), the above equation gives a prescription for computing Γkji.
• A 1-form A on M˜ with curvature F – F is a (1, 1) form with respect to the preferred
complex structure on the hyperka¨hler fiber.
The Local Lagrangian
• Explicitly, the local Lagrangian is given as (i, j = 0, 1, . . . , 4r)
4πLloc = 12∂µϕ
i∂µϕjgij − iψ¯αA′γµαβ (∂µψA
′β + qA
′
B′i∂µϕ
iψB
′β)
+
1
2
ΩA′B′C′D′(ψ
A′
α γ
µα
β ψ¯
B′β)(ψC
′
δ γ
δ
µωψ¯
D′ω) +
1
2
ǫµνρG
µν∂ρϕiAi.
(1.12)
Note that in the special case where G = 0 and ϕ0 is constant, this action reduces
to the undeformed hyperka¨hler sigma model as written above. The form of the
SUSY transformations generated by fermionic parameters ζαE, ζ¯
E
α , which now obey
constraint equations, remain the same and δϕ0 = 0, since ϕ0 is a background field.
• The sufficient condition for the above action to preserve 4 supercharges [1] is
cEelEE′
(
∂igjl + ∂jgil − ∂lgij − (Γkij + Γkji)gkl + δ0jFil + δ0i Fjl
)
= 0,
cEekEE′(Γ
k
ji − Γkij) = 0,
(1.13)
where the preserved supercharges correspond cE = (0, 1).
It is convenient to define a related connection ∇̂ on M˜ in the following fashion: let
Γˆkij agree with Γ
k
ij when k is holomorphic and Γˆ
k
ij for k anti-holomorphic are deter-
mined by the reality of ∇̂. Then the second equation in (1.13) simply implies that
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the connection ∇̂ is torsionless. The first equation for i, j, l 6= 0 simply implies that
the connection restricts fiberwise to a a Levi-Civita connection, as expected. The
non-trivial equation arises from i = 0 with j, l arbitrary, namely
∇̂0gij +Fij = 0 (1.14)
The metric and the curvature F (including all quantum corrections in a generic the-
ory) should obey the above equation purely on grounds on supersymmetry.
The NUT Operator
• Including the contribution of the NUT center, the action of the generalized sigma
model is
S =
∫
X
Lloc +∑
i
Qi(ϕ(0)) (1.15)
where X is the manifold described earlier with an S2 boundary for each NUT center
and Qi(ϕ(0)) is a function of constant field configurations along the i-th S
2.
• Supersymmetry imposes a very strong constraint on the operator Q, namely
cEeiEE′(∂i + kAi)e
Q = 0 (1.16)
which implies that eQ is a holomorphic section of a holomorphic line bundle de-
scribed above.
• In the case of a U(1) SYM on NUT space, the section eQ can be exactly computed and
is found to be related to the Jacobi theta function.
eQ = Ψ (θe, θm, τ) = e
i
2π (τθ
2
e/2−θeθm)Θ(τ, 2y) (1.17)
where y = θm−τθe4π , y¯ =
θm−τ¯θe
4π ; θe is the asymptotic holonomy of the U(1) gauge field,
θm is a periodic scalar obtained on dualizing the photon and τ is the complexified
gauge coupling.
1.3 Main results of this paper
• Starting from the standard 6D description of anN = 2,U(1) pure SYM on aGibbons-
Hawking space Ω-deformed using the U(1) isometry (which corresponds to trans-
lations along the circle fiber), we explicitly derive the associated 3D generalized hy-
perka¨hler sigma model via dimensional reduction. For simplicity, we take the Ω-
deformed space to be a Gibbons-Hawking bundle over S1 as opposed to the full
torus, taking the Ω-deformation parameter ǫ to be real. The resultant 6D metric on
the Ω-deformed GH × T2 space is
ds26 =
3
∑
m=0
(em(GH) − ǫVmdu)2 + (du)2 − (dv)2 (1.18)
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where {em
(GH)
} are vierbeins on Gibbons-Hawking space and Vm is the U(1) Killing
vector field used to implement the Ω-deformation. After performing a “Nekrasov-
Witten”-like change of variables at the level of the 3D theory, one can again recast it
as a generalized hyperka¨hler sigma model which is asymptotically equivalent to the
undeformed sigma model at spatial infinity up to certain rescaling of the radius R
and the gauge coupling τ.
R′ =
R√
1+ ǫ2R2
,
Re τˆ = Re τ,
Im τˆ = Im τ
√
1+ ǫ2R2.
(1.19)
However, the theory differs from the undeformed sigma model as one approaches
fixed points under the U(1) action – the NUT centers.
• Our computation of the local action for the deformed theory allows one to simply
read off the relevant sigma model data – the metric g, the 1-form A, eiEE′ and the
Sp(r) connection – as explicit functions of the Ω-deformation parameter. Super-
symmetry constraint for the local action takes the same form as before (1.13) with a
deformed F , g and cE.
• The target space of the generalized hyperka¨hler sigma model M˜ is a (4 + 1)-real
dimensional space which for constant ϕ0(= V(~x)R′ ) restricts to a hyperka¨hler fiber
of quaternionic dimension 1. As discussed earlier, there exists a preferred complex
structure parametrized by the Sp(1) vector cE on the hyperka¨hler fiber. In the un-
deformed theory, cE had the simple form: cE = (0, 1). The deformed sigma model
obtained by dimensional reduction of the Ω-deformed theory, combined with the
said change of variables, has a preferred complex structure which depends on the
Ω-deformation parameter ǫ. This is reflected in the appearance of a rotated version
of the Sp(1) vector in the deformed sigma model, namely
cE = (− sin θ
2
, cos
θ
2
). (1.20)
The angle θ is related to the parameter of Ω-deformation ǫ by the equation:
cos θ =
1√
1+ ǫ2R2
(1.21)
Recall that the curvature F of the 1-form A in the undeformed theory was (1, 1) in
the preferred complex structure of that theory. Similarly, the curvature F in the de-
formed theory is a (1, 1) in the new preferred complex structure.
We would like to emphasize that the Sp(1) vector cE obtained in (1.20) does not
parametrize the most generic complex structure. Since our Ω-deformation parame-
ter ǫ is real, we are restricted to a 1-parameter subset of all possible complex struc-
tures that may arise in this fashion.
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• The metric on a constant ϕ0 slice of the target space in the deformed theory can be
reduced to a standard metric on C× T2. The modular parameter τ˜ of the torus now
explicitly depends on the Ω-deformation parameter and V(~x).
Re τ˜ = Re τ,
Im τ˜ = Im τ
√
(V(~x) cos2 θ + sin2 θ)
V(~x) cos2 θ
.
(1.22)
• As guessed in [2], the deformed NUT operator eQ˜ turns out to be a holomorphic
section with respect to the new preferred complex structure. The supersymmetry
constraint is of the same form as in (1.16), i.e.
cEeiEE′(∂i + kAi)e
Q˜ = 0, (1.23)
where cE is now given by (1.20) and eiEE′, corresponding to the deformed theory, are
given in (4.27).
• Finally, we compute the deformed NUT operator for the U(1) theory and the answer
expectedly turns out to be a Jacobi theta function in some “deformed” variable z
which is a combination of various boundary values of fields at spatial infinity – θe
which is the asymptotic holonomy of the gauge field, θm which is associated with the
dual photon and u which is the asymptotic value of the scalar Au at spatial infinity.
In addition, the operator depends on the Ω-deformation parameter. Explicitly,
eQ˜ = Ψ (θe, θm, u, τˆ, θ) = e
i
2π (τˆθ˜
2
e/2−θ˜e θ˜m)Θ(τˆ, 2z). (1.24)
The ”deformed”variables in the above equation are:
θ˜m = θm + 4πR
′uRe τ tan θ, (1.25)
θ˜e = θe + 4πR
′uRe τ tan θ, (1.26)
z = θ˜m − τˆθ˜e, (1.27)
where R′ is the rescaled radius and τˆ is the rescaled coupling constant. The su-
persymmetry constraint (1.23), in terms of the local coordinates z, z¯ defined above
reduces to the following simple form:
(∂z¯ −Az¯) eQ˜ = 0. (1.28)
It is straightforward to check that the operator eQ˜ in (1.24) indeed satisfies the con-
straint.
The rest of the paper is organized in the following fashion. Section 2 describes the Ω-
deformation of an N = 2,U(1) gauge theory on a Gibbons-Hawking space using the
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U(1) isometry along the circle fiber and derives the associated generalized hyperka¨hler
sigma model obtained by simply dimensionally reducing the 4d action. Section 3 dis-
cusses the Nekrasov-Witten change of variables in an Ω-deformed theory on R3 × S1
from a 3d point of view. Section 4 discusses the Nekrasov-Witten change of variables
in the Ω-deformed theory on a Gibbons-Hawking space and the corresponding sigma
model picture. Finally, section 5 derives the NUT operator in the Ω-deformed theory
after Nekrasov-Witten change of variables.
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2 Ω-deformed N = 2 U(1) theory on Gibbons-Hawking
Spaces
In this section, we derive the 4d action of an Ω-deformed N = 2,U(1) SYM on a
Gibbons-Hawking space starting from an N = 1,U(1) SYM in 6d, dimensionally reduce
to 3d and write down the corresponding generalized hyperka¨hler sigma model. As men-
tioned earlier, we use the Killing vector for the U(1) isometry of a Gibbons-Hawking
space to Ω-deform the 6d background.
2.1 6d Description
Consider the undeformed 6d background GH × T2 where GH is a Gibbons-Hawking
space. Ω-deformation from a six-dimensional perspective is simply deforming the metric
in the following fashion:
ds26 =
3
∑
m=0
(em(GH) − ǫVmdu)2 + (du)2 − (dv)2 (2.1)
where m = 0, 1, 2, 3 denote the Lorentz indices on GH and V = ∂∂χ is the Killing vec-
tor field which generates the U(1) isometry corresponding to translations along the cir-
cle direction. In the Lorentz basis, the components of the vector field are Vi = 0(i =
0, 1, 2), V3 = R√
V
.
To illustrate the deformation more explicitly, consider the example of a single-centered
Taub-NUT space. In terms of spherical polar coordinates in 4d, the deformed metric can
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be written as
ds26 = V(r)(dr
2 + r2dΩ22) +
1
V(r)
(dy + R cos θdφ− ǫRdu)2 + (du)2 − (dv)2 (2.2)
where V = 1+ Rr and we define the coordinate y as dy = Rdχ, such that it is periodic :
y ∼ y + 4πR.
One can now choose the following orthonormal basis of vector fields:
eM : ei = eiTN, e
3 = e3TN −
ǫR√
V
du, e4 = du, e5 = dv (2.3)
In matrix notation (µ labels rows and M labels columns):
e Mµ =

√
V[r] 0 0 0 0 0
0 r
√
V[r] 0 0 0 0
0 0 rSin[θ]
√
V[r] RCos[θ]√
V[r]
0 0
0 0 0 1√
V[r]
0 0
0 0 0 − Rǫ√
V[r]
1 0
0 0 0 0 0 1

(2.4)
while the inverse (with M labeling rows and µ labeling columns) is given as
E
µ
M =

1√
V[r]
0 0 0 0 0
0 1
r
√
V[r]
0 0 0 0
0 0 Csc[θ]
r
√
V[r]
−RCot[θ]
r
√
V[r]
0 0
0 0 0
√
V[r] 0 0
0 0 0 Rǫ 1 0
0 0 0 0 0 1

(2.5)
The generalization of the above to a generic Gibbons-Hawking case is straightforward.
Now, we put a pure N = 1,U(1) SYM on the deformed 6-manifold and dimensionally
reduce to 4d along the torus to obtain the deformed N = 2 theory on GH.
The 6d Lagrangian for N = 1,U(1) SYM can be written as (L2 =Area of the torus)
S =
1
g2YML
2
∫
d6x
√
gΩ
[Lb +L f ]
Lb =12FMN FMN =
1
2
FmnFmn +
(
F2m4 − F2m5 − F245
)
=: L(1)b + L(2)b
L f =ψ¯aΓMDMψa = ψ¯aΓmDmψa + (ψ¯aΓ4D4ψa − ψ¯aΓ5D5ψa) =: L(1)f + L(2)f
(2.6)
where gΩ is the metric on the Ω-deformed space. Here, we have separated the bosonic
and fermionic terms into two groups for convenience.
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The rules of supersymmetry for the fields are
δAM = −ψ¯aΓMζa
δψa = −1
2
FMNΓMNζ
a
δψ¯a =
1
2
FMN ζ¯
aΓMN
(2.7)
Here, ζa is a covariantly constant spinor on the manifold (2.1). For the case of NUT space,
this spinor is explicitly derived in Appendix §C – generalization to arbitrary Gibbons-
Hawking space is straightforward.
To implement the dimensional reduction of the above action to 4d, it is instructive to
rewrite the three terms labeled L(2)b in some detail. Note that
DmA4 = E
µ
m
(
DµAu + ǫRDµAy
)
= E
µ
m
(
∂µAu + ǫR∂µAy
)
D4Am = E
µ
m
(
Du Aµ + ǫRDy Aµ
)
= E
µ
m
(
∂u Aµ + ǫR∂y Aµ
)
Fm4 = E
µ
m
(
Fµu + ǫRFµy
)
= Fmu + ǫRFmy
Fm5 = E
µ
m
(
∂µAv − ∂v Aµ
)
= Fmv
F45 =
(
Fuv + ǫRFyv
)
(2.8)
The 6D action can then be written as
S =
1
g2YML
2
∫
d6x
√
gΩ
[Lb +L f ]
Lb =12FmnFmn + F
2
3u +∑
i
(
Fiu + ǫRFiy
)2 −∑
m
F2mv −
(
Fuv + ǫRFyv
)2
=
1
2
FmnFmn + ∑
m
F2mu −∑
m
F2mv − F2uv
+∑
i
(
2ǫRFiuFiy + ǫ
2R2F2iy
)
−
(
2ǫRFuvFyv + ǫ
2R2F2yv
)
L f =ψ¯aΓmDmψa + ψ¯aΓ4Duψa + ψ¯aΓ5Dvψa + ǫRψ¯aΓ4Dyψa
(2.9)
Note that the operator Dv simply acts as ∂v while the operator Du + ǫRDy acts as
∂u + ǫR∂y as shown in Appendix §C – spin connection terms in the differential operator
Du + ǫRDy simply cancel out.
The rules of SUSY transformation can also be rewritten as
δAi =− ψ¯aΓiζa, δAy = −ψ¯aΓ3ζa/
√
V
δAu =− ψ¯aΓ4ζa + ǫR√
V
ψ¯aΓ3ζ
a, δAv = −ψ¯aΓ5ζa
δψa =− 1
2
FmnΓmnζ
a − F3uΓ34ζa − (Fiu + ǫRFiy)Γi4ζa + FmvΓm5ζa + (Fuv + ǫRFyv)Γ45ζa
δψ¯a =− 1
2
Fmn ζ¯
aΓmn − F3u ζ¯aΓ34 − (Fiu + ǫRFiy)ζ¯aΓi4 + Fmv ζ¯aΓm5 + (Fuv + ǫRFyv)ζ¯aΓ45
(2.10)
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2.2 Dimensional Reduction to Four Dimensions
Killing vectors along the three circle directions of the Ω-deformed 6-manifold are :
V =
∂
∂v
U =
∂
∂u
+ ǫR
∂
∂y
Y =
∂
∂y
(2.11)
Dimensional reduction of the theory to 4D is implemented by imposing that the Lie
derivatives of the fields w.r.t the Killing vectors V and U vanish.
LX Aµ = 0,LXψa = 0 with X = V,U. (2.12)
The 4D action can then be written as
S =
1
g2YM
∫
d4x
√
gTN
[Lb + L f ]
Lb =12FmnFmn + (E
y
3)
2(∂y Au + ǫR∂y Ay)
2 + ∑
i
(E
µ
i )
2
(
∂µAu + ǫR∂µAy
)2 −∑
m
(E
µ
m)
2(∂µAv)
2
L f =− 2iλ¯aσ¯mDmλa
(2.13)
The SUSY transformation, generated by the chiral half of the supersymmetry param-
eters on R3× S1, may be summarized as:
δAi = −iζa,ασαβ˙i λ¯aβ˙ (i = 0, 1, 2),
δAy = −iζa,ασαβ˙3 λ¯aβ˙/
√
V,
δAu = −ζαaλaα + i
ǫR√
V
ζa,ασ
αβ˙
3 λ¯
a
β˙
,
δAv = −ζαaλaα,
δλa,α =
1
2
Fmn(σ
mn)αβζ
β,a,
δλ¯aα˙ = −iζa, α(σ¯m)α˙α(∂m Au + ǫR∂m Ay) + iζa, α(σ¯m)α˙α∂mAv.
(2.14)
One can now dimensionally reduce along the circle direction of the Gibbons-Hawking
space to obtain the Ω-deformed theory in 3D.
2.3 Dimensional Reduction to Three Dimensions
Dimensional reduction to three dimensions is implemented by imposing the following
condition on the fields,
LY Aµ = 0,LYλa = 0 (2.15)
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To implement the 4D → 3D reduction, we decompose the four dimensional gauge
field in the following basis of 1-forms: A(4) = Aµdx
µ − RσΘ, where Θ = dχ+ B. Note
that the field σ is defined such that σ = A3√
V
= −Ay.
The Ω-deformed action reduced to 3D therefore reads:
S =
R
g2YM
∫
R3
d3x
[Lb +L f ] (2.16)
where the bosonic and the fermionic parts of the Lagrangian density are
Lb = 12V
−1(F(3)µν )2 + V(∂µσ)2 +
(
∂µAu − ǫR∂µσ
)2 − (∂µAv)2 ,
L f = 2i
√
Vλ¯aγ
µ∂µλ
a.
(2.17)
where F(3) is defined as F(3) = dA(3) − RσdB.
Therefore, in 3D, the action for the Ω-deformed theory is formally obtained by Au →
Au − ǫRσ. It is important to emphasize that this deformation is not a change of variable –
since one is shifting a non-periodic scalar by a periodic scalar – and indeed gives rise to a
physically inequivalent theory.
The SUSY transformation rules can be summarized as
δAµ = −i
√
Vζaγµλ¯
a (µ = 1, 2, 3),
δσ =
1√
V
ζaλ¯
a,
δAu = −ζaλa + ǫR√
V
ζaλ¯
a,
δAv = −ζaλa,
δλaα = −
i
2
V−1 F(3)µν ǫµνκ(γκ)
β
α ζ
a
β + i∂µσ(γ
µ)
β
α ζ
a
β,
δλ¯aα =
i√
V
(γµ)
β
α ζ
a
β∂µ(Au − Av − ǫRσ).
(2.18)
Now consider dualizing the action which would allow one to recast the theory as a
sigma model. The details of the dualization procedure for an N = 2,U(1) theory on a
Gibbons-Hawking space is described in Appendix §A. Dualization introduces a second
periodic scalar in the theory–the dual photon γ. Since Ω-deformation only affects the
adjoint scalar Au and not the gauge field, the dualized action for the deformed theory
may be obtained from the undeformed one by a formal substitution: Au → Au − ǫRσ.
Therefore, the dualized action for the Ω-deformed theory is
Sb(3) = R
∫
R3
d3x
[
V(Im τ)−1|∂µγ− τ∂µσ|2 + Im τ(∂µAu − ǫR∂µσ)2 − Im τ(∂µAv)2
]
− 2iR2
∫
R3
γ ∧ dσ ∧ dB.
S
f
(3)
= 2iR Im τ
∫
R3
d3x
√
Vλ¯αa(γ
µ)
β
α ∂µλ
a
β = 2iR Im τ
∫
R3
d3x
√
Vλ¯aγ
µ∂µλ
a.
(2.19)
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where µ, ν = 1, 2, 3. As r → ∞, the periodic scalars γ and σ obey the boundary condition
γ→ θm
4πR
, σ→ θe + 2nπ
4πR
, n ∈ Z. (2.20)
The rules for SUSY for the above action are as follows:
δγ =
1√
V
τζaλ¯
a,
δσ =
1√
V
ζaλ¯
a,
δAu = −ζaλa + ǫR√
V
ζaλ¯
a,
δAv = −ζaλa,
δλaα = −(Im τ)−1∂µ(γ− τ σ)(γµ) βα ζaβ,
δλ¯aα =
i√
V
(γµ)
β
α ζ
a
β∂µ(Au − Av − ǫRσ).
(2.21)
This Ω-deformed theory, reduced to 3d and dualized, can be readily identified as a gen-
eralized hyperka¨hler sigma model, as we describe in the next subsection.
2.4 Relation with the hyperka¨hler sigma model
Recall the general form of the bosonic part of the generalized hyperka¨hler sigma
model action.
Sb =
1
8π
∫
R3
d3x
[
gij∂µϕ
i∂µϕj + ǫµνρG
µν∂ρϕiAi
]
(2.22)
From equation (2.19), one can easily read off the metric g and the 1-form A.
gγγ =
8πRV
Im τ
, gσσ = 8πR(
Vττ¯
Im τ
+ ǫ2R2 Im τ), gγσ = −4πRV(τ + τ¯)
Im τ
,
guu = 8πR Im τ, gσu = −(ǫR)8πR Im τ,
gvv = −8πR Im τ.
Aσ = −8πiR2γ,Aγ = 0,Au = 0,Av = 0.
Fγσ = −8πiR2.
(2.23)
The components of the inverse metric are
gγγ =
1
8πRV
ττ¯
Im τ
, gγσ =
τ+ τ¯
16πRV Im τ
, gγu =
ǫR(τ + τ¯)
16πRV Im τ
,
gσσ =
1
8πRV Im τ
, gσu =
ǫR
8πRV Im τ
,
guu =
V + ǫ2R2
8πRV Im τ
, gvv = − 1
8πR Im τ
.
(2.24)
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Define N = −4πR Im τ, N˜ = − 4πVR Im τ . Sp(r) indices (primed indices) are raised and
lowered by the antisymmetric pairing
ǫA′B′ =
(
0 N
−N 0
)
, ǫA
′B′ =
(
0 − 1N
1
N 0
)
(2.25)
while the unprimed indices are raised and lowered by the antisymmetric pairing
ǫAB =
(
0 −1
1 0
)
, ǫA
′B′ =
(
0 1
−1 0
)
(2.26)
The intertwiner e can be explicitly written as
eAA
′
i dϕ
i =
(
dAu − ǫRdσ− dAv iN˜dγ− iτ¯N˜dσ
−iN˜dγ+ iτN˜dσ −dAu + ǫRdσ− dAv
)
,
ei AA′dϕ
i = N
(
dAu − ǫRdσ + dAv −iN˜dγ+ iτN˜dσ
iN˜dγ− iτ¯N˜dσ −dAu + ǫRdσ+ dAv
)
,
eAA
′
0 = 0, e0AA′ = 0.
(2.27)
The fermions and SUSY parameters can now be easily related:
λaα =
1√
2V
(
ψ2
′
α , ψ¯
2′
α
)
,
λ¯aα =
1√
2
(
ψ1
′
α , ψ¯
1′
α
)
,
ζaα =
√
V√
2
(
−ζ2α,−ζ¯2α
)
,
ζ1σ = 0, ζ¯
1
σ = 0.
(2.28)
In the sigma model, the constraint on the supersymmetry parameters (ζαA, ζ¯
A
α ) remain
the same as before, namely
cAζαA = 0, cAζ¯
A
α = 0;
cA = (0, 1), cA = (1, 0).
(2.29)
Since ζaα is a constant spinor, the above identification immediately implies
∂µζ
E +
1
2
∂µV
V
ζE = 0,
∂µζ¯
E +
1
2
∂µV
V
ζ¯E = 0,
=⇒ f (ϕ0) = R
2V
.
(2.30)
The effective q˜A
′
0B′ that appears in the extended hyperka¨hler identities will be given as
q˜A
′
0B′ =
R
V
(
1 0
0 0
)
(2.31)
17
The components of the connection Γijk can now be derived using the extended hyperka¨hler
identities and can be shown to be the same as the undeformed case. One can also check
that the equation for supersymmetry for a generalized hyperka¨hler sigma model is satis-
fied for the metric, intertwiner and connection A corresponding to the Ω-deformed the-
ory, as expected.
Recall that in the undeformed theory curvature F of the connection A was a (1, 1)
form with respect to the complex structure specified by cA. One can readily check that
F is a (1, 1) form in the deformed theory as well by showing the (2, 0) component of F
vanishes. Note that
F(2,0) = Fijei AA′ej BB′c
AcB = Fijei 2A′ej 2B′ (2.32)
which naturally vanishes for A′ = B′ due to the antisymmetry of Fij. For A′ 6= B′, we
have
A′ = 1′, B′ = 2′ : Fijei 21′ej 22′ = Fγσeγ 21′eσ 22′ + Fγueγ21′eu22′ = 0,
A′ = 2′, B′ = 1′ : Fijei 22′ej 22′ = −Fγσeσ 22′eγ 21′ − Fγueu22′eγ21′ = 0.
(2.33)
The hyperka¨hler sigma model obtained by simply dimensionally reducing the Ω-
deformed theory on a Gibbons-Hawking space is asymptotically different from the sigma
model in the undeformed case. To recast the Ω-deformed theory such that it asymptoti-
cally looks equivalent to the undeformed one, we need to introduce the Nekrasov-Witten
change of variables which we discuss in the next two sections.
3 Nekrasov-Witten Change of Variables on R3 × S1
3.1 NW transformation: Usual 4d presentation
Consider first the known example of U(1) SYM on R3 × S1 Ω-deformed using the
Killing vector for the U(1) isometry along the circle direction. The 4D action can be
obtained from the action of N = 1,U(1) SYM on the Ω-deformed 6D background via
dimensional reduction.
S =
1
g2YML
2
∫
d6x
√
gΩ
[Lb + L f ] ,
Lb =12FmnFmn + F
2
3u +∑
i
(
Fiu + ǫRFiy
)2 −∑
m
F2mv −
(
Fuv + ǫRFyv
)2
,
L f =ψ¯aΓm∂mψa + ψ¯aΓ4∂uψa + ψ¯aΓ5∂vψa + ǫRψ¯aΓ4∂yψa.
(3.1)
where the fermionic field ψa is a symplectic Majorana-Weyl spinor which transforms as a
doublet of the SU(2)R symmetry (the indices m, n = 0, 1, 2, 3 while i, j = 0, 1, 2).
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These SUSY rules for the Ω-deformed action are
δAi = −ψ¯aΓiζa,
δAy = −ψ¯aΓ3ζa,
δAu = −ψ¯aΓ4ζa + ǫRψ¯aΓ3ζa,
δAv = −ψ¯aΓ5ζa,
δψa = −1
2
FmnΓmnζ
a − F3uΓ34ζa − (Fiu + ǫRFiy)Γi4ζa + FmvΓm5ζa + (Fuv + ǫRFyv)Γ45ζa,
δψ¯a = −1
2
Fmn ζ¯
aΓmn − F3u ζ¯aΓ34 − (Fiu + ǫRFiy)ζ¯aΓi4 + Fmv ζ¯aΓm5 + (Fuv + ǫRFyv)ζ¯aΓ45.
(3.2)
Now, consider combining the Ω- deformation with a field redefinition which acts as
S : Au → Au√
1+ǫ2R2
. Ω-deformation combined with this field redefinition can be un-
derstood as a formal substitution in the undeformed action and the undeformed SUSY
transformation, namely
Ω ◦ S : Au → Au + ǫRAy√
1+ ǫ2R2
. (3.3)
Generally, at every point on a given 4-manifold where the action of the U(1) isometry is
free, there exists a change of variables which can restore the deformed action (and SUSY
transformations) to the undeformed one up to some rescaling of parameters. Since the
U(1) action does not have a fixed point on R3 × S1, Ω-deformation may be “negated”
everywhere by the following change of variables:
NW : Ay → Ay − ǫRAu√
1+ ǫ2R2
. (3.4)
Note that Ay is the gauge field in the circle direction. Therefore, while a shift of Ay by a
non-periodic scalar is a simple change of variables, one is usually not allowed to rescale
Ay in the manner shown above. However, as discussed in [4], this rescaling of Ay can
be understood as the rescaling of the S1 radius R and results in rescaling of the gauge
coupling gYM. As we will demonstrate momentarily, these rescalings appear naturally if
one works with the dualized action in 3D.
Formally, the combination of the Ω-deformation and the change of variables may be
represented as a rotation in the u− y plane:
Au → cos θAu + sin θAy,
Ay → cos θAy − sin θAu. (3.5)
where the angle of rotation θ is related to the parameter of Ω-deformation by a simple
equation:
cos θ =
1√
1+ ǫ2R2
. (3.6)
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One can readily check that the bosonic action is invariant under NW ◦Ω ◦ S. To restore
the fermionic action as well as the SUSY rules to their original form, the fermions and
SUSY parameters in the theory (written as 6D spinors) should transform in the following
way [4]:
ψa → exp
(
θ
2
Γ34
)
ψa,
ζa → exp
(
θ
2
Γ34
)
ζa.
(3.7)
The Ω-deformed 3D action, before dualization, is simply given by setting V = 1, B = 0
in (2.17) and may be obtained by dimensional reduction of the 4D action down to 3D.
Lb = 12(F
(3)
µν )
2 + (∂µσ)
2 +
(
∂µAu − ǫR∂µσ
)2 − (∂µAv)2 ,
L f = 2iλ¯aγµ∂µλa.
(3.8)
where F(3) = dA(3). The SUSY rules for the deformed 3D theory are obtained via dimen-
sional reduction of the 6D rules.
δAµ = −i
(
ζaγµλ¯
a − ζ¯aγµλa
)
(µ = 1, 2, 3),
δσ = (ζaλ¯
a + ζ¯aλ
a),
δAu = −(ζaλa − ζ¯aλ¯a) + ǫR(ζa λ¯a + ζ¯aλa),
δAv = −(ζaλa + ζ¯aλ¯a),
δλaα = −
i
2
Fµνǫ
µνκ(γκ)
β
α ζ
a
β + i∂µσ(γ
µ)
β
α ζ
a
β + i(γ
µ)
β
α ζ¯
a
β∂µ(Au + Av − ǫRσ),
δλ¯aα = −
i
2
Fµνǫ
µνκ(γκ)
β
α ζ¯
a
β − i∂µσ(γµ) βα ζ¯aβ + i(γµ) βα ζaβ∂µ(Au − Av − ǫRσ).
(3.9)
In 3D, the transformation NW ◦Ω ◦ S amounts to transforming the bosonic fields Au, σ
(but not Aµ) as well as the fermionic fields λa, λ¯a and the SUSY parameters ζa, ζ¯a in the
following fashion.
Au → Au − ǫRσ√
1+ ǫ2R2
= cos θAu − sin θσ,
σ→ σ+ ǫRAu√
1+ ǫ2R2
= cos θσ+ sin θAu,
λa → cos θ
2
λa + sin
θ
2
λ¯a,
λ¯a → cos θ
2
λ¯a − sin θ
2
λa,
ζa → cos θ
2
ζa + sin
θ
2
ζ¯a,
ζ¯a → cos θ
2
ζ¯a − sin θ
2
ζa.
(3.10)
20
One can check that the bosonic action, the fermionic action as well as the supersymmetry
transformations are invariant under the above transformation (up to total derivatives in
the fermionic action).
Therefore, the action and the SUSY transformation rules written in terms of the rede-
fined variables Au, σ, λa, λ¯a and the redefined supersymmetry parameters ζa, ζ¯a are pre-
cisely the same as those for the undeformed theory. This is expected since action of the
U(1) isometry group is free at every point on R3 × S1 – the Nekrasov-Witten change of
variables can undo the Ω-deformation at every point on this 4-manifold.
3.2 Dualization of the 3D action
Let us explain the dualization of the 3D action obtained via the NW ◦Ω ◦ S operation.
So far we have not taken into account the usual topological θ-term or a term involving
the monopole number of the gauge field [1] in the analysis. Let us add these terms to the
4D action.
∆S(4) = i
Re τ
4π
∫
R3×S1
F(4) ∧ F(4) + i θm
4π2R
∫
S2∞×S1
Rdχ ∧ F(4) (3.11)
The first term is unaffected by the Ω-deformation but transforms non-trivially under
NW change of variables.
i
∫
R3×S1
F(4) ∧ F(4) dim.red.−−−−→iR
∫
R3
2F(3) ∧ dσ
NW−−→ iR Re τ√
1+ ǫ2R2
∫
R3
2F(3) ∧ d(σ+ ǫRAu)
=
iR Re τ√
1+ ǫ2R2
∫
R3
(2F(3) ∧ dσ+ ǫRd(AuF(3)))
(3.12)
Note that the adjoint scalar Au is globally defined while A
(3) and σ (being a periodic
scalar) are not. Therefore one cannot write the first term as a total derivative. However,
the second term clearly can be written as total derivative. This implies that we can safely
drop the second contribution from the topological term.
To dualize the action, it is convenient to redefine the gauge coupling in the following
fashion
Im τˆ = Im τ
√
1+ ǫ2R2 =⇒ gˆ2YM =
g2YM√
1+ ǫ2R2
Re τˆ = Re τ
(3.13)
Therefore, the 3D action may be rewritten as
Sb(3) =
R Im τˆ√
1+ ǫ2R2
∫
R3
d3x
[
1
2
F
(3)
µν F
(3) µν + ∂µσ∂µσ+ ∂
µAu∂µAu − ∂µAv∂µAv
]
+
iR Re τˆ√
1+ ǫ2R2
∫
R3
d3xǫµνκF
(3)
µν ∂κσ+ i
θm
2π
∫
S2∞
F(3)
S
f
(3)
=
2iR Im τˆ√
1+ ǫ2R2
∫
R3
d3x λ¯αa(γ
µ)
β
α ∂µλ
a
β =
2iR Im τˆ√
1+ ǫ2R2
∫
R3
d3x λ¯aγ
µ∂µλ
a
(3.14)
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One can now add the dualizing term Sdual = − 2iR√1+ǫ2R2
∫
R3
γ ∧ dF(3) which imposes the
Bianchi identity dF(3) = 0. The equation of motion for F(3) gives
F(3) = −i(Im τˆ)−1 ⋆ d(γ− (Re τˆ)σ) (3.15)
Integrating out F(3) as a Lagrange multiplier, one obtains the following dualized 3D ac-
tion:
Sb(3) = R
′
∫
R3
d3x
[
(Im τˆ)−1|dγ− τˆdσ|2 + (Im τˆ)(∂i Au∂i Au − ∂i Av∂i Av)
]
S
f
(3)
= 2iR′ Im τˆ
∫
R3
d3x λ¯aγ
i∂iλ
a.
(3.16)
where R′ = R√
1+ǫ2R2
is the rescaled radius. The boundary condition on the periodic scalars
as r → ∞ are
γ→ θm
4πR′
, σ→ θe + 2nπ
4πR′
(3.17)
where n ∈ Z.
The SUSY transformation rules of the dualized 3D action are
δγ = (τˆζaλ¯
a + ¯ˆτζ¯aλ
a),
δσ = (ζaλ¯
a + ζ¯aλ
a),
δAu = −(ζaλa − ζ¯aλ¯a), δAv = −(ζaλa + ζ¯aλ¯a),
δλaα = −(Im τˆ)−1(∂kγ− τˆ∂kσ)(γk) βα ζaβ + i(γi) βα ζ¯aβ(∂i Au + ∂i Av),
δλ¯aα = −(Im τˆ)−1(∂kγ− ¯ˆτ∂kσ)(γk) βα ζ¯aβ + i(γi) βα ζaβ(∂i Au − ∂i Av).
(3.18)
The 3D theory derived above is therefore exactly the same as the 3D theory obtained
by dimensional reduction of the undeformed theory on R3 × S1, with τ being replaced
by τˆ and R replaced by R′. As expected in R3 × S1, the NW ◦Ω ◦ S-transformed theory
is equivalent to the undeformed theory up to rescalings of the radius R and the gauge
coupling gYM.
3.3 Alternative description of NW from the dualized 3D action
Now, we present an alternative way to describe the NW transformation. In this ap-
proach, one can understand the transformation NW ◦Ω ◦ S purely in terms of the dual-
ized 3D action – the generalized hyperka¨hler sigma model– without having to resort to
the 4D/6D picture. We demonstrate that one obtains the same result as above. The crucial
step in this approach is to derive how the scalar γ should transform under NW ◦Ω ◦ S.
Recall the “undeformed” dualized 3D action:
Sb(3) = R
∫
R3
[
(Im τ)−1|∂µγ− τ∂µσ|2 + Im τ(∂µAu)2 − Im τ(∂µAv)2
]
S
f
(3)
= 2iR Im τ
∫
R3
d3x λ¯αa (γ
µ)
β
α ∂µλ
a
β = 2iR Im τ
∫
R3
d3x λ¯aγ
µ∂µλ
a.
(3.19)
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with the following rules for SUSY:
δγ = (τζaλ¯
a + τ¯ζ¯aλ
a),
δσ = (ζaλ¯
a + ζ¯aλ
a),
δAu = −(ζaλa − ζ¯aλ¯a), δAv = −(ζaλa + ζ¯aλ¯a),
δλaα = −(Im τ)−1(∂µγ− τ∂µσ)(γµ) βα ζaβ + i(γµ) βα ζ¯aβ(∂µAu + ∂µAv),
δλ¯aα = −(Im τ)−1(∂µγ− τ¯∂µσ)(γµ) βα ζ¯aβ + i(γµ)βαζaβ(∂µAu − ∂µAv).
(3.20)
The transformation NW ◦Ω ◦ S acts on the fields σ, Au, λaα, λ¯aα and the SUSY parame-
ters as follows:
Au → Au − ǫRσ√
1+ ǫ2R2
= cos θAu − sin θσ,
σ→ σ+ ǫRAu√
1+ ǫ2R2
= cos θσ+ sin θAu,
λa → cos θ
2
λa + sin
θ
2
λ¯a,
λ¯a → cos θ
2
λ¯a − sin θ
2
λa,
ζa → cos θ
2
ζa + sin
θ
2
ζ¯a,
ζ¯a → cos θ
2
ζ¯a − sin θ
2
ζa.
(3.21)
Recall that the dual photon γ is related to the curvature F(3) via the dualization condition:
F(3) = −i(Im τ)−1 ⋆ d(γ− (Re τ)σ) (3.22)
Since F(3) is invariant under NW, demanding that γ transforms as
γ→ cos θγ+ (Re τ sin θ)Au (3.23)
and defining a rescaled coupling constant τˆ as
Im τ = Im τˆ cos θ
τˆ = Re τ+ i Im τˆ.
(3.24)
the dualization condition in terms of the “new” fields γ and σ assumes the form
F(3) = −i(Im τˆ)−1 ⋆ d(γ− (Re τˆ)σ) (3.25)
Applying the transformations (3.21) and (3.23) to the undeformed theory defined by
(3.19) and (3.20) and the using the dualization condition (3.25), we obtain
Sb(3) = R
′
∫
R3
d3x
[
(Im τˆ)−1|∂µγ− τˆ∂µσ|2 + Im τˆ(∂µAu)2 − Im τˆ(∂µAv)2
]
S
f
(3)
= 2iR′ Im τˆ
∫
R3
d3x λ¯aγ
µ∂µλ
a, R′ = R cos θ.
(3.26)
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with the following rules of SUSY
δγ = (τˆζaλ¯
a + ¯ˆτζ¯aλ
a),
δσ = (ζaλ¯
a + ζ¯aλ
a),
δAu = −(ζaλa − ζ¯aλ¯a),
δAv = −(ζaλa + ζ¯aλ¯a),
δλaα = −(Im τˆ)−1(∂µγ− τˆ∂µσ)(γµ) βα ζaβ + i(γµ) βα ζ¯aβ(∂µAu + ∂µAv),
δλ¯aα = −(Im τˆ)−1(∂µγ− ¯ˆτ∂µσ)(γµ) βα ζ¯aβ + i(γµ) βα ζaβ(∂µAu − ∂µAv).
(3.27)
As expected, the dualized action in 3D is “almost” invariant theory under the NW ◦
Ω ◦ S operation – the radius R and the gauge coupling undergo a rescaling – precisely
as worked out in the original presentation of Nekrasov and Witten. In the next section,
we apply this alternative approach to NW change of variables to Ω-deformed theory on
NUT space.
4 Nekrasov-WittenChange of Variables onGibbons-Hawking
Space
In this sectionwe study in detail the 3D sigmamodel action obtained by dimensionally
reducing an Ω-deformed and NW-transformed N = 2,U(1) SYM theory on a Gibbons-
Hawking space. The U(1) isometry used to Ω-deform the theory has a fixed point at the
NUT center. Therefore the NW-transformed theory is equivalent (up to some rescaling of
parameters) to the undeformed sigmamodel only in the asymptotic limit and differs from
it as one approaches the NUT center. Nevertheless, the NW ◦Ω ◦ S-transformed theory
can be understood as an example of a generalized hyperka¨hler sigma model introduced
in [1], as we demonstrate below.
4.1 NW from 3d dualized action
We describe the NW ◦Ω ◦ S transformation using the alternative approach outlined
in the previous section. The starting point is the dualized 3D action of the undeformed
theory – i.e. the generalized hyperka¨hler sigma model associated with N = 2,U(1) SYM
theory on a Gibbons-Hawking space.
Sb(3) = R
∫
R3
d3x
[
V(Im τ)−1|∂µγ− τ∂µσ|2 + Im τ(∂µAu)2 − Im τ(∂µAv)2
]
− 2iR2
∫
R3
γ ∧ dσ ∧ dB,
S
f
(3)
= 2iR Im τ
∫
R3
d3x
√
Vλ¯aγ
µ∂µλ
a.
(4.1)
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with the following rules for SUSY:
δγ =
1√
V
τζaλ¯
a,
δσ =
1√
V
ζaλ¯
a,
δAu = −ζaλa,
δAv = −ζaλa,
δλaα = −(Im τ)−1∂µ(γ− τ σ)(γµ) βα ζaβ,
δλ¯aα =
i√
V
(γµ)
β
α ζ
a
β∂µ(Au − Av).
(4.2)
The above action is asymptotically equivalent to the dualized 3D theory obtained by di-
mensional reduction of a 4d,N = 2 theory on R3 × S1. Supersymmetry for this theory is
generated by an 8-complex dimensional space of SUSY parameters (ζaα, ζ¯
a
α) with a = 1, 2
labeling the SU(2)R index. Asymptotically, on a Gibbons-Hawking space, the supersym-
metry rules are given by those for the dimensionally reduced theory on R3 × S1 subject
to the constraint
ζ¯aα = 0. (4.3)
thereby reducing the number of supersymmetries from 8 to 4.
Next, we study the action of NW ◦Ω ◦ S transformation on this theory – the action on
the fields are the same as discussed in section §3.3 for R3× S1, namely
Au → cos θAu − sin θσ,
σ→ cos θσ+ sin θAu,
γ→ cos θγ+ (Re τ sin θ)Au,
λa → cos θ
2
λa + sin
θ
2
λ¯a,
λ¯a → cos θ
2
λ¯a − sin θ
2
λa.
(4.4)
The bosonic action under the above transformation becomes
Sb = S0 + SGH
S0 = R
′
∫
R3
d3x
[
V(Im τˆ)−1|∂µγ− τˆ∂µσ|2 + Im τˆ((∂µAu)2 − (∂µAv)2)
]
+ R′ Im τˆ
∫
R3
d3x(V − 1)
(
sin2 θ(∂µAu)
2 − sin2 θ(∂µσ)2 + sin 2θ∂µAu∂µσ
)
SGH = −iR′2
∫
R3
d3x ǫµνρGµν
(
γ∂ρσ+ Re τ tan θAu∂ρσ+ tan θγ∂ρAu + Re τ tan
2 θAu∂ρAu
)
(4.5)
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The fermionic action is
S f =2iR
′ Im τˆ
∫
R3
d3x
√
V
(
λ¯aγ
µ∂µλ
a +
1
4
∂µV
V
(1− cos θ)λ¯aγµλa
− 1
4
∂µV
V
sin θλ¯aγ
µλ¯a +
1
4
∂µV
V
sin θλaγ
µλa
) (4.6)
Note that the above action is asymptotically (in the r → ∞ limit) equivalent to the
NW ◦ Ω ◦ S-transformed theory on R3 × S1 but differs from the latter at finite r. Also,
in the limit where the Ω-deformation parameter vanishes (i.e. θ → 0), the action is re-
stored to the generalized hyperka¨hler sigma model given in (4.1).
It is convenient to describe the SUSY of this NW ◦Ω ◦ S-transformed theory in terms
of the parameters ζˆa and
ˆ¯ζa which are defined as
ζˆa = ζa cos
θ
2
, ˆ¯ζa = ζa sin
θ
2
(4.7)
Note that we still have 4 supersymmetries but the SUSY parameters (ζˆa, ˆ¯ζa) obey a differ-
ent constraint, namely
ˆ¯ζa = tan
θ
2
ζˆa (4.8)
With this redefinition, the deformed SUSY transformation rules for scalars in the NW ◦
Ω ◦ S-transformed theory can then be summarized as
δγ = (τˆζˆaλ¯
a + ¯ˆτ ˆ¯ζaλ
a) + (
1√
V
− 1)(Re τ cos θ + i Im τˆ)(ζˆaλ¯a − ˆ¯ζaλa),
δσ = ζˆaλ¯
a + ˆ¯ζaλ
a + (
1√
V
− 1) cos θ(ζˆaλ¯a − ˆ¯ζaλa),
δAu = −(ζˆaλa − ˆ¯ζaλ¯a) + ( 1√
V
− 1) sin θ(ζˆaλ¯a − ˆ¯ζaλa),
δAv = −(ζˆaλa + ˆ¯ζaλ¯a).
(4.9)
while those for the fermions are
δλaα = −(Im τˆ)−1(∂µγ− τˆ∂µσ)(γµ) βα ζˆaβ + i(γµ) βα ˆ¯ζaβ(∂µAu + ∂µAv)
+ i(
1√
V
− 1)(1− cos θ)∂µσ(γµ) βα ζˆaβ − i(
1√
V
− 1)∂µ(Au cos θ − Av)(γµ) βα ˆ¯ζaβ,
δλ¯aα = −(Im τˆ)−1(∂µγ− ¯ˆτ∂µσ)(γµ) βα ˆ¯ζaβ + i(γµ) βα ζˆaβ(∂µAu − ∂µAv)
− i( 1√
V
− 1)(1+ cos θ)∂µσ(γµ) βα ˆ¯ζaβ + i(
1√
V
− 1)∂µ(Au cos θ − Av)(γµ) βα ζˆaβ.
(4.10)
Again, in the asymptotic limit, the SUSY transformation has the same form as the NW ◦
Ω ◦ S-transformed 3D theory obtained via dimensional reduction from R3 × S1 with a
certain constraint on the 8-complex dimensional space of supersymmetry parameters
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(ζaα, ζ¯
a
α). While the constraint for the undeformed case was simply ζ¯
a
α = 0, the corre-
sponding constraint for the deformed theory is
sin
θ
2
ζˆa = cos
θ
2
ˆ¯ζa. (4.11)
This is basically related to the fact that although the asymptotic actions of the two theo-
ries have the same form, the preferred complex structures characteristic of the respective
generalized hyperka¨hler sigma models are different.
In the limit θ → 0, it is clear that the above rules are restored to the undeformed ver-
sion given in (4.2) (recall that ζˆaα → 0 in this limit), as one would expect.
Given (4.5)- (4.10), one can now read off the various data of the generalized hyperka¨hler
sigma model – which we describe in the next subsection.
4.2 Deformed theory as a hyperka¨hler sigma model
4.2.1 Undeformed Theory
To orient the reader with the basic computation, we briefly describe how the unde-
formed theory given by (4.1) -(4.2) can be recast as a generalized hyperka¨hler sigmamodel
as reviewed in §1.2. Recall that for a U(1) SYM on Gibbons-Hawking background the tar-
get space of the sigma model M˜ (which can be thought of as a 1-parameter family of hy-
perka¨hler manifolds) restricts to the hyperka¨hler manifold M˜[ϕ0] ∼= C× T2 parametrized
by the scalars φ, φ¯ and the periodic scalars σ,γ. In our notation, ϕ0 is a harmonic scalar
related to the function V(~x), i.e. ϕ0 = V(~x)R .
Aside from the standard kinetic term for the scalars, the bosonic action also consists of
a term involving the pull-back of a holomorphic connection A on M˜. The bosonic action
derived via dimensional reduction (4.1), therefore, allows one to read off the metric g on
M˜ and the 1-form A.
Sb =
1
8π
∫
R3
d3x
[
gij∂µϕ
i∂µϕj + ǫµνρG
µν∂ρϕiAi
]
gγγ =
8πRV
Im τ
, gσσ =
8πRVττ¯
Im τ
, gγσ = −4πRV(τ + τ¯)
Im τ
,
guu = 8πR Im τ, gvv = −8πR Im τ.
Aσ = −8πiR2γ,Aγ = 0,Au = 0,Av = 0.
Fγσ = −8πiR2.
(4.12)
Let us define the following local coordinates on M˜ : y = γ− τσ, y¯ = γ− τ¯σ. In the basis
of local coordinates {y, y¯, φ, φ¯}, the holomorphic connection A and its curvature F are
given as
Ay = −Ay¯ = 8πi(τy¯− τ¯y)
(τ − τ¯)2 ,
Fyy¯ = − 8πi
(τ − τ¯) .
(4.13)
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The complexified tangent space of the hyperka¨hler fiber admits the following decom-
position TCM˜[ϕ0] = H ⊗ E where H is 2-complex dimensional trivial vector bundle on
M˜[ϕ0] with a structure group Sp(1) while E is a 2-complex dimensional vector bundle
with an Sp(1) connection.
The fermions of the sigma model ψE
′
α (E
′ = 1, 2) transform in the fundamental repre-
sentation of Sp(1)E indicated by the primed indices which are raised and lowered by the
antisymmetric pairing
ǫA′B′ =
(
0 N
−N 0
)
, ǫA
′B′ =
(
0 − 1N
1
N 0
)
N = −4πR Im τ, N˜ = − 4πV
R Im τ
.
(4.14)
The supersymmetry parameters ζEα , ζ¯
E
α transform in the fundamental of Sp(1)H indicated
by unprimed indices which are raised and lowered by the antisymmetric pairing
ǫAB =
(
0 −1
1 0
)
, ǫA
′B′ =
(
0 1
−1 0
)
(4.15)
From the supersymmetry rules in (4.2), the surjective map e : TCM˜ → H ⊗ E can be
explicitly written in local coordinates.
eAA
′
i dϕ
i =
(
dAu − dAv iN˜dγ− iτ¯N˜dσ
−iN˜dγ+ iτN˜dσ −dAu − dAv
)
,
ei AA′dϕ
i = N
(
dAu + dAv −iN˜dγ+ iτN˜dσ
iN˜dγ− iτ¯N˜dσ −dAu + dAv
)
,
eAA
′
0 = 0, e0AA′ = 0.
(4.16)
The fermions and SUSY parameters in the gauge theory can now be easily related to those
in the sigma model. Recall that a = 1, 2 denotes the manifest SU(2)R index in the gauge
theory.
λaα =
1√
2V
(
ψ2
′
α , ψ¯
2′
α
)
,
λ¯aα =
1√
2
(
ψ1
′
α , ψ¯
1′
α
)
,
ζaα =
√
V√
2
(
−ζ2α,−ζ¯2α
)
,
ζ1σ = 0, ζ¯
1
σ = 0.
(4.17)
In the generalized sigmamodel, the constraint on the supersymmetry parameters (ζαA, ζ¯
A
α )
may be written as
cAζαA = 0, cAζ¯
A
α = 0
cA = (0, 1), cA = (1, 0).
(4.18)
28
Since ζaα is a constant spinor, the above identification implies that ζ
E
α , ζ¯
E
α obey an equa-
tion of the form ∂µζ
E + f (ϕ0)∂µϕ0ζE = 0, i.e.
∂µζ
E +
1
2
∂µV
V
ζE = 0,
∂µζ¯
E +
1
2
∂µV
V
ζ¯E = 0,
=⇒ f (ϕ0) = R
2V
.
(4.19)
The effective Sp(1) connection – q˜A
′
iB′ in local coordinates– that appears in the extended
hyperka¨hler identity (1.11) will be given as
q˜A
′
0B′ =
R
V
(
1 0
0 0
)
,
q˜A
′
iB′ = 0, i 6= 0.
(4.20)
The metric gij, holomorphic connection A, the map eiAA′ and the Sp(1) connection q˜A′iB′
completely specify the generalized hyperka¨hler sigma model.
One can choose appropriate complex coordinates to directly show that the curvature
F of the holomorphic connection A is a (1, 1) form in the preferred complex structure
characterized by the choice of cA and cA. Alternatively, one may check that the (2, 0) part
of F vanishes.
Fijei AA′ej BB′c
AcB = Fγσeγ 2A′eσ 2B′ + F
σγeσ 2A′eγ 2B′ = 0, ∀A′, B′. (4.21)
4.2.2 NW ◦Ω ◦ S-deformed theory
Now, let us rewrite the NW ◦ Ω ◦ S-transformed theory as generalized hyperka¨hler
sigma model. We follow the same approach as outlined for the undeformed model –
namely, we read off the sigma model data from the action and supersymmetry transfor-
mation given in (4.5)- (4.10).
Evidently, the bosonic action (4.5) can be put in the form
Sb =
1
8π
∫
R3
d3x
[
gij∂µϕ
i∂µϕj + ǫµνρG
µν∂ρϕiAi
]
and one can read off the metric g on the target space M˜ and the holomorphic connection
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A on M˜. In local coordinates, non-zero components of the metric g are
gγγ =
8πR′V
Im τˆ
,
gσσ =
8πR′Vτˆ ¯ˆτ
Im τˆ
− 8πR′(V − 1) Im τˆ sin2 θ,
gγσ = −4πR
′V(τˆ + ¯ˆτ)
Im τˆ
,
guσ = 4πR
′(V − 1) Im τˆ sin 2θ,
guu = 8πR
′ Im τˆ(V sin2 θ + cos2 θ),
gvv = −8πR′ Im τˆ.
(4.22)
while the non-vanishing components of the connection A are
Aσ = −8πiR′2(γ+ Re τ tan θAu),
Au = −8πiR′2 tan θ(γ+ Re τ tan θAu).
(4.23)
The non-vanishing components of the curvature F of A are
Fγσ = −8πiR′2,
Fγu = −8πiR′2 tan θ,
Fσu = 8πiR′2 Re τ tan θ.
(4.24)
Let us define the following local coordinates on M˜: z = R′((γ+Re τ tan θAu)− τˆ(σ+
tan θAu)), z¯ = R′((γ + Re τ tan θAu)− ¯ˆτ(σ + tan θAu)). In the basis of local coordinates
{z, z¯, ϕ, ϕ¯}, the non-zero components of the connection A and the curvature F can be
written as
Az = −Az¯ = 8πi(τˆz¯−
¯ˆτz)
(τˆ − ¯ˆτ)2 ,
Fzz¯ = − 8πi
(τˆ − ¯ˆτ) .
(4.25)
The fermions ψE
′
α , ψ¯
E′
α and the supersymmetry parameters ζ
E
α , ζ¯
E
α can be defined in pre-
cisely the sameway as in the undeformed case, along with related antisymmetric pairings
ǫA′B′ and ǫAB.
The map e can again be read off from the supersymmetry rules (4.9) – (4.10).
eAA
′
i dϕ
i =
(
e11
′
u (V, θ)dAu + e
11′
v (V, θ)dAv ie
21′
γ (V, θ)dγ+ ie
21′
σ (V, θ)dσ
ie12
′
γ (V, θ)dγ+ ie
12′
σ (V, θ)dσ e
22′
u (V, θ)dAu + e
22′
v (V, θ)dAv
)
,
ei AA′dϕ
i = N
(
−e22′u (V, θ)dAu − e22′v (V, θ)dAv ie12′γ (V, θ)dγ+ ie12′σ (V, θ)dσ
ie21
′
γ (V, θ)dγ+ ie
21′
σ (V, θ)dσ −e11′u (V, θ)dAu − e11′v (V, θ)dAv
)
,
eAA
′
0 = 0, e0AA′ = 0.
(4.26)
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where the functions eAB
′
i can be explicitly written as functions of the Ω-deformation pa-
rameter θ.
e11
′
u (V, θ) =
√
V(1+ cos θ(
1√
V
− 1)),
e11
′
v (V, θ) = −1,
e22
′
u (V, θ) = V(1− cos θ(
1√
V
− 1)),
e22
′
v (V, θ) =
√
V,
e12
′
γ (V, θ) = iV(Im τˆ)
−1,
e12
′
σ (V, θ) = −iV(Im τˆ)−1(τˆ + i Im τˆ(1− cos θ)(
1√
V
− 1)),
e21
′
γ (V, θ) = i
√
V(Im τˆ)−1,
e21
′
σ (V, θ) = −i
√
V(Im τˆ)−1( ¯ˆτ − i Im τˆ(1+ cos θ)( 1√
V
− 1)).
(4.27)
The fermions and SUSY parameters in the gauge theory are related to those in the sigma
model in the following fashion:
λaα =
1√
2V
(
ψ2
′
α , ψ¯
2′
α
)
,
λ¯aα =
1√
2
(
ψ1
′
α , ψ¯
1′
α
)
,
ζˆaα =
√
V√
2
(
−ζ2α,−ζ¯2α
)
,
ˆ¯ζaα =
√
V√
2
(
ζ1α, ζ¯
1
α
)
.
(4.28)
In the generalized sigma model, the constraint on the supersymmetry parameters
(ζαA, ζ¯
A
α )may be written as
cAζαA = 0, cAζ¯
A
α = 0
cA = (− sin θ
2
, cos
θ
2
), cA = (cos
θ
2
,− sin θ
2
).
(4.29)
Since ζaα is a constant spinor, the above identification implies that ζ
E
α , ζ¯
E
α must depend
on ϕ0 – ζEα , ζ¯
E
α obey equations of the form ∂µζ
E + f (ϕ0)∂µϕ0ζE = 0, i.e.
∂µζ
E +
1
2
∂µV
V
ζE = 0,
∂µζ¯
E +
1
2
∂µV
V
ζ¯E = 0,
=⇒ f (ϕ0) = R
′
2V
.
(4.30)
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The effective Sp(1) connection – q˜A
′
iB′ in local coordinates– that appears in the extended
hyperka¨hler identity (1.11) can be read off from the fermionic action
q˜A
′
0B′ =
R′
V
(
1− (1−cos θ)4 − sin θ2√V
− sin θ
√
V
2
(1−cos θ)
4
)
,
q˜A
′
iB′ = 0, i 6= 0.
(4.31)
Note that the connection reduces to the form (4.20) in the limit θ → 0.
As before, the metric g, the surjection e, the connection A and the Sp(1) connection
q˜A
′
iB′ completely specifies the sigma model data.
4.2.3 Geometry of the constant ϕ0 slice
The target-space metric for the generalized hyperka¨hler sigma model a priori looks
complicated – in particular, it isn’t clear if M˜[ϕ0] ∼= R2 × T2, where M˜[ϕ0] denotes the
restriction to constant ϕ0. The R2 × T2 structure of the fiber for constant ϕ0 can be made
manifest by another redefinition of fields in the following fashion:
σ→ σ− (V − 1) sin 2θ
2(V cos2 θ + sin2 θ)
Au
γ→ γ− Re τ (V − 1) sin 2θ
2(V cos2 θ + sin2 θ)
Au
Au →
√
(V cos2 θ + sin2 θ)
V
Au
(4.32)
For the above choice of local coordinates, the target space metric assumes the follow-
ing form:
g0u = − 8πR
′ Im τˆ sin2 θ
2V
(
sin2 θ + V cos2 θ
)Au,
g0σ = − 8πR
′ Im τˆ sin 2θ
2
√
V
√
V cos2 θ + sin2 θ
Au,
g00 =
8πR′ Im τˆ sin2 θ
(
4V cos2 θ + sin2 θ
)
4V2
(
V cos2 θ + sin2 θ
)2 ,
gγγ =
8πR′V
Im τˆ
,
gσσ =
8πR′Vτˆ ¯ˆτ
Im τˆ
− 8πR′(V − 1) Im τˆ sin2 θ,
gγσ = −4πR
′V(τˆ + ¯ˆτ)
Im τˆ
,
guu = 8πR
′ Im τˆ,
gvv = −8πR′ Im τˆ.
(4.33)
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The metric on the constant ϕ0 slice clearly has the form of a standard metric on R2 × T2.
The modular parameter τ˜ of the torus T2 can be computed from the metric components
gγγ, gσσ, gγσ given above.
Re τ˜ = Re τ,
Im τ˜ = Im τ
√
(V cos2 θ + sin2 θ)
V cos2 θ
.
(4.34)
5 The NUT operator
In the previous section, we have described in detail the local action of the generalized
hyperka¨hler sigma model that results from NW ◦Ω ◦ S- deformation of an N = 2,U(1)
SYM on Gibbons-Hawking space. Now, we will analyze the other essential ingredient
of the sigma model path integral as mentioned in the introduction – namely, the NUT
operator Q(ϕ(0)).
As discussed in [1], Q(ϕ) may be determined explicitly by computing the partition
function Ψ of the deformed U(1) gauge theory on a particular Gibbons-Hawking space,
namely Taub-NUT space, characterized by the harmonic function V(~x) = 1+ R/r.
The partition function Ψ of the deformed theory may be computed directly from the
UV description. For a U(1) SYM, the theory receives no quantum corrections and Ψ is
a classical object receiving contributions from U(1) instantons localized around the NUT
center. The answer a priori depends on the choices of boundary conditions at spatial
infinity: u and v which give the asymptotic values of the two real scalars of the theory;
θe which gives the asymptotic value of the holonomy of the U(1) gauge field around the
circle fiber, and θm which is associated with the dual photon. In addition, one expects the
answer to depend on the angle θ parametrizing the NW ◦Ω ◦ S-deformation.
On the other hand, in the IR, the partition function only receives contribution from
constant fields. The local action discussed above vanishes on constant field configura-
tions and the answer comes solely from the boundary term on the S2 cut out around the
NUT center , i.e. the NUT operator.
Since U(1) SYM is a free theory, the UV and the IR answers for the partition function
must agree and therefore we must have
Ψ = eQ. (5.1)
which determines Q.
5.1 UV computation for undeformed theory
Let us consider the undeformed theory first. In this case, the solutions to the BPS
equations in 3D which descend from 4D instantons localized around the NUT center are
γ =
θm − τθe
4πR
− 2πnτ
4πR
+
(θe + 2nπ)τ
4πRV
,
σ =
(θe + 2nπ)
4πRV
,
Au = u,
Av = v.
(5.2)
The classical action evaluated on this BPS configuration is
S
(n)
classical = −2iR2
∫
R3
γ ∧ dσ ∧ dB = −2iR
∫
R3
γ ∧ dσ ∧ ⋆3dV
=
i
2π
[
(−τθ2e/2+ θeθm) + 2πn(θm − τθe)− 2π2n2τ
] (5.3)
Therefore, the partition function computed from the UV description is
Ψ (θe, θm, τ) = ∑
n∈Z
e−S
(n)
classical
=e
i
2π (τθ
2
e/2−θeθm) ∑
n∈Z
eiπn
2τ−2πin(2y)
=e8iπX(y,y¯,τ)Θ(τ, 2y)
(5.4)
where we have defined
y =
θm − τθe
4π
,
y¯ =
θm − τ¯θe
4π
X(y, y¯, τ) =
τy2 − 2τ¯y2 − τy¯2 + 2τ¯yy¯
2(τ¯ − τ)2
(5.5)
and Θ(τ, y) = ∑n∈Z eiπn
2τ−2πiny is the Jacobi Theta function. Following the discussion
above, one concludes that
eQ = e8iπX(y,y¯,τ)Θ(τ, 2y) (5.6)
One can readily check that eQ is a holomorphic section of a line bundle L−1 where A
is a connection on the line bundle L.
(∂y¯ −Ay¯)eQ = 0. (5.7)
34
5.2 UV computation for deformed theory
Next, we proceed to compute the NUT operator eQ˜ for the NW ◦Ω ◦ S-deformed the-
ory – the answer turns out to be a deformed version of the operator eQ computed above.
The bosonic action of the theory dimensionally reduced to 3D is given in (4.5). Recall that
this action can be obtained by a formal substitution of fields in the undeformed 3D action.
σ(unde f ) = cos θσ+ sin θAu,
A
(unde f )
u = cos θAu − sin θσ,
γ(unde f ) = cos θγ+ Re τ sin θAu.
(5.8)
while the deformed coupling and the deformed radius are given as
τˆ = Re τ + i Im τˆ,
Im τˆ = Im τ cos θ,
R′ = R cos θ.
(5.9)
Inverting the equations (5.8), we have
σ = cos θσ(unde f ) − sin θA(unde f )u
Au = sin θσ
(unde f ) + cos θA
(unde f )
u
γ =
1
cos θ
(
γ(unde f )− Re τ sin2 θσ(unde f )− Re τ cos θ sin θA(unde f )u
) (5.10)
The solutions to the BPS equations for fields σ, Au,γ in the NW ◦Ω ◦ S-transformed
theory can now be obtained from the corresponding solutions in the undeformed theory
using the above equations and imposing appropriate boundary conditions. Therefore,
σ =
α
4πR′V
+
α sin2 θ
4πR′
(1− 1
V
)− tan θu,
Au = u +
α sin θ
4πR
(−1+ 1
V
),
γ =
θm
4πR′
+
ατˆ
4πR′
(
1
V
− 1) + Re τ sin
2 θα
4πR′
(1− 1
V
).
(5.11)
where α = (θe + 2nπ) + 4πR′u tan θ. Note that the boundary conditions for the fields as
r → ∞ are σ→ (θe+2nπ)4πR′ , γ→ θm4πR′ and Au → u.
Plugging in the above solution in the bosonic action of (4.5), one finds that the only
contribution to the classical action for the above BPS solutions comes from the SGH (con-
tributions from other terms add up to zero). Define
z = (θm + 4πR
′uRe τ tan θ)− τˆ(θe + 4πR′u tan θ) = θ˜m − τˆθ˜e,
X(z, z¯, τˆ) =
τˆz2 − 2 ¯ˆτz2 − τˆz¯2 + 2 ¯ˆτzz¯
2( ¯ˆτ − τˆ)2 .
(5.12)
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The classical action can therefore be written as
S
(n)
classical =
i
2π
[
(−τˆθ˜2e/2+ θ˜e θ˜m) + 8π2nz− 2π2n2τˆ
]
=8πiX(z, z¯, τˆ) + 4πinz− iπn2τˆ
(5.13)
Therefore, the NUT operator of the deformed theory will be given as
eQ˜ = Ψ (θe, θm, u, τˆ, θ) = ∑
n∈Z
e−S
(n)
classical = e8iπX(z,z¯,τˆ,θ)Θ(τˆ, 2z) (5.14)
One can now check that the NUT operator eQ˜ is a holomorphic section of a line bundle
L−1, where the 1-form A deduced in (4.25) is a connection on the line bundle L.
(∂z¯ −Az¯) eQ˜ = 0 (5.15)
where Az = −Az¯ = 8πi (τˆz¯− ¯ˆτz)(τˆ− ¯ˆτ)2 . The NUT operator for the deformed theory is there-
fore again a Jacobi Theta function but with arguments which explicitly depend on the Ω-
deformation parameter. As expected, the deformed operator reduces to the undeformed
one in the limit θ → 0.
A Dualizing a U(1) theory on a Gibbons-Hawking space
The bosonic action of aN = 2,U(1) gauge theory on a Gibbons-Hawking (GH) space
is
Sboson =
Im τ
4π
∫
GH
[
F(4) ∧ ⋆(4)F(4) + dAu ∧ ⋆(4)dAu − dAv ∧ ⋆(4)dAv
]
+ i
Re τ
4π
∫
GH
[
F(4) ∧ F(4)
]
.
(A.1)
The metric on a Gibbons-Hawking space is
ds2 = V(~x)(d~x)2 + R2V−1(~x)Θ2, (A.2)
where V(~x) ∈ Ω0(R3),Θ = dχ+ B, with B ∈ Ω1(R3) and ⋆(3)dB = 1RdV – implying that
V(~x) is a harmonic function in R3. It is convenient to decompose the p-forms on GH in
terms of forms on the R3 base and express four-dimensional star operator in terms of star
operator on R3.
For a 1-form α ∈ Ω1(GH),
α = α(3) + α′Θ (A.3)
⋆
(4) (α) = R ⋆(3) (α(3)) ∧Θ−V2R−1 ⋆(3) α′ (A.4)
where α(3) ∈ Ω1(R3), α′ ∈ Ω0(R3) and ⋆(3) is the star operator for R3.
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For a 2-form β ∈ Ω2(GH), one can show that
β = β(3) + β′ ∧Θ, (A.5)
⋆
(4) (β) = RV−1 ⋆(3) (β(3)) ∧Θ + VR−1 ⋆(3) β′, (A.6)
where β(3) ∈ Ω2(R3) and β′ ∈ Ω1(R3).
Decomposing F(4) as F(4) = F(3) − R dσ ∧Θ, with σ ∈ Ω0(R3), we have
1
4π
∫
S1
[
F(4) ∧ ⋆(4)F(4)
]
= R V−1F(3) ∧ ⋆(3)F(3) + RV dσ ∧ ⋆(3)dσ, (A.7)
1
4π
∫
S1
[
F(4) ∧ F(4)
]
= −2R F(3) ∧ dσ, (A.8)
1
4π
∫
S1
[
dAu ∧ ⋆(4)dAu − dAv ∧ ⋆(4)dAv
]
= R(dAu ∧ ⋆(3)dAu − dAv ∧ ⋆(3)dAv). (A.9)
Collecting all terms, the bosonic action (A.1), dimensionally reduced to three dimensions
is
Sboson =R Im τ
∫
R3
[
V−1F(3) ∧ ⋆(3)F(3) + Vdσ ∧ ⋆(3)dσ+ dAu ∧ ⋆(3)dAu − dAv ∧ ⋆(3)dAv
]
− iR Re τ
∫
R3
2F(3) ∧ dσ
(A.10)
To dualize the gauge field, we add the following term to the action
Sdual =− 2iR
∫
R3
(γdF(3) + R γ ∧ dσ ∧ dB)
=2iR
∫
R3
(dγ ∧ F(3) − Rγ ∧ dσ ∧ dB)− 2iR
∫
∞
γF(3).
(A.11)
The scalar γ appears as a Lagrange multiplier whose equation of motion imposes the
Bianchi identity on F(3), namely
dF(3) + Rdσ ∧ dB = 0. (A.12)
One can now simply integrate out F(3) using its equation of motion in favor of the scalar
γ. Modulo the boundary term, equation of motion for F(3) reads
F(3) = −iV(Im τ)−1 ⋆ (dγ− (Re τ)dσ). (A.13)
Integrating out F(3) using the above equation of motion, the dualized 3D action reads:
Sboson =R
∫
R3
[
V(Im τ)−1|dγ− τdσ|2 + dAu ∧ ⋆(3)dAu − dAv ∧ ⋆(3)dAv
]
− 2iR2
∫
R3
γ ∧ dσ ∧ dB + Sboundary,
(A.14)
where
Sboundary = −2iR
∫
∞
γF(3). (A.15)
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The θm term and boundary conditions at spatial infinity
Consider adding to the 4D action the following boundary term :
∆S = i
θm
8π2R
∫
GH∞
RΘ ∧ F(4) (A.16)
where GH∞ denotes the S
1 bundle on S2 at the r → ∞ boundary of the Taub-NUT space.
Since F(4) = F(3) − Rdσ ∧Θ, we have
∆S = i
θm
8π2R
∫
X∞
RΘ ∧ F(3) = i θm
2π
∫
∞
F(3). (A.17)
∆S and Sboundary will cancel each other if at r → ∞, γ and σ have the boundary conditions
γ→ θm
4πR
, σ→ (θe + 2nπ)
4πR
(A.18)
Therefore, the final form of the dualized 3D action is
Sboson = R
∫
R3
[
V(Im τ)−1|dγ− τdσ|2 + dAu ∧ ⋆(3)dAu − dAv ∧ ⋆(3)dAv
]
−2iR2
∫
R3
γ ∧ dσ ∧ dB.
(A.19)
The dualized 3D action for the Ω-deformed theory (before any change of variables) is
obtained from the above action by the formal substitution: Au → Au − ǫRσ. Therefore,
SΩboson = R
∫
R3
[
V
Im τ
|dγ− τdσ|2 + d(Au − ǫRσ) ∧ ⋆(3)d(Au − ǫRσ)− dAv ∧ ⋆(3)dAv
]
−2iR2
∫
R3
γ ∧ dσ ∧ dB.
(A.20)
The scalars γ and σ are periodic scalars : σ ∼ σ + 12R ,γ ∼ γ + 12R . The action is
invariant under shift of σ, namely
S(σ+ 1/R) = S(σ). (A.21)
However, under shift of γ we have
S(γ+ 1/R) = S(γ) + kθe + 2πn (A.22)
where k = 14π
∫
dB. However, the total sigma model action (1.15) is still invariant under
the shift since the NUT operator transforms in precisely the right way to cancel off the
extra contributions in (A.22).
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B 6D,4D and 3D Spinors
In this section, we explain our conventions regarding 6D spinors and their dimen-
sional reduction to 4D and 3D that will be useful in the main text. We choose the fol-
lowing signature for the metric on a 6D flat space ηMN = (−1, 1, 1, 1, 1, 1)where M, N =
0, 1, 2, 3, 4, 5. The fermionic field ψa is a symplectic Majorana-Weyl spinor which trans-
forms as a doublet of the SU(2) R-symmetry.
Γ7ψa = ψa (Weyl condition)
ψa, TC−6 ǫab = (ψ
b )†iΓ0 ≡ ψ¯b (Symplectic Majorana condition)
(B.1)
where Γ7 is the chirality matrix in 6D : Γ7 = −Γ0Γ1Γ2Γ3Γ4Γ5. C−6 is the 6D charge conju-
gation which obeys C−6 Γ
M(C−6 )
−1 = −(ΓM)T.
We choose the following representation of Γ matrices and charge conjugation matrix
in 6D:
ΓM = {iσ2 ⊗ γ5, σ1 ⊗ γ5, 12×2 ⊗ γm} (m = 1, 2, 3, 4; M = 0, . . . , 5)
Γ7 = σ3 ⊗ γ5, C−6 = Γ0Γ2Γ4 = iσ2 ⊗ C−4 ,
C−4 = γ
1γ3γ5,
γ5 = −γ1γ2γ3γ4.
(B.2)
where γm are the 4D gammamatrices (Euclidean signature), γ5 is the 4D chirality operator
and C−4 is the 4D charge conjugation matrix. We choose the following convention for the
gamma matrices and charge conjugation matrix in 4D:
γm =
(
0 iσm,αα˙
iσ¯mα˙α 0
)
,
γ5 =
(
12×2 0
0 −12×2
)
,
C−4 =
(
ǫαβ 0
0 ǫα˙β˙
)
,
σm = (−~σ, i), σ¯m = (~σ, i), (m = 1, 2, 3, 4).
(B.3)
where ~σ are the Pauli matrices. The 4D spinor indices are raised and lowered by right
action of the antisymmetric tensor ǫαβ (such that ǫ
12 = ǫ21 = 1) and ǫα˙β˙ (exactly the same
convention). The above definition implies that σm and σ¯m are related in the following
fashion:
(σ¯m)α˙α = ǫβαǫβ˙α˙(σ
m)ββ˙ (B.4)
For this representation, the symplectic Majorana-Weyl spinor ψa can be written as the
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doublet ψa =
(
ψa1
ψa2
)
and the Weyl condition implies that
γ5ψa1 = ψ
a
1 =⇒ ψa1 =
(
λa, α
0
)
γ5ψa2 = −ψa2 =⇒ ψa2 =
(
0
λ¯aα˙
) (B.5)
The symplectic Majorana condition imposes reality conditions on λa, α and λ¯aα˙.
(λα,a)† = −iλβ,bǫβαǫba
(λ¯aα˙)
† = iλ¯b
β˙
ǫbaǫ
β˙α˙
(B.6)
If (x1, x2, x3, x4) denote local coordinates on the manifold M4, then let x2 be the circle
direction. The basic rules of dimensional reduction for the fermionic fields λa and the
gamma-matrices to 3D can be summarized as follows:
(σm)αβ˙ → (γi)αβ = (γi)βα = (−σ1,−σ3, i) (m 6= 2)
(σ¯m)α˙β → (γi)αβ = (γi)βα = (σ1, σ3, i) (m 6= 2)
(σ2)αβ˙ = −σ2 → iǫαβ, (σ¯2)α˙β = σ2 → iǫαβ
λa,α → λa,α, λ¯aα˙ → λ¯aα
(B.7)
where we normalize the antisymmetric tensor ǫαβ as ǫ
12 = ǫ21 = 1. The matrices γi :=
(γi)
β
α = (−σ3, σ1,−σ2) obey the following identities
{γi,γj} = δij1 (Clifford algebra)
γiγj = δij1+ iǫijkγk (Product Identity)
(B.8)
C Killing Spinor on Omega-deformed NUT Space
Consider the six-dimensional space of the formM = TN × S1 × S1, where the NUT
space (TN) is non-trivially fibered over the first S1 with the following fiber bundle metric,
ds26 =
3
∑
m=0
(em(TN) − εVmdx4)2 + (du)2 − (dv)2 (C.1)
If we choose V to be the U(1) isometry of the NUT space which leaves the Killing spinor
on the NUT space invariant, i.e. LVηKilling = 0, then the components of V = ∂∂χ are,
V0 = 0,V1 = 0,V2 = 0,V3 =
R√
V
(C.2)
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We choose the orthogonal basis of 1-forms as follows:
e0 = e0TN =
√
Vdr (C.3)
e1 = e1TN = r
√
Vdθ (C.4)
e2 = e2TN = r
√
V sin θdφ (C.5)
e3 = e3TN −
ǫR√
V
du =
R√
V
(dχ− cos θdφ)− ǫR√
V
du (C.6)
e4 = du (C.7)
e5 = dv (C.8)
The independent, nonzero spin connections on undeformed NUT space are
ω10 =
1
rV
d(r
√
V)
dr
e1 = (1− R
2rV
)dθ (C.9)
ω20 =
1
rV
d(r
√
V)
dr
e2 = (1− R
2rV
) sin θdφ (C.10)
ω30 =
−1
2V3/2
dV
dr
e3 =
R2
2r2V2
(dχ− cos θdφ) (C.11)
ω13 =
−R
2r2V3/2
e2 =
−R
2rV
sin θdφ (C.12)
ω23 =
R
2r2V3/2
e1 =
R
2rV
dθ (C.13)
ω12 = − R
2r2V3/2
e3 − cos θ
r
√
V sin θ
e2 = − R
2
2r2V2
dχ− (1− R
2
2r2V2
) cos θdφ (C.14)
The spin-connections of the Ω-deformed space can be conveniently expressed in terms
of the spin-connections on the NUT space in the following fashion:
ωab = ωab(TN) −
ǫR√
V
ωa3(TN)be
4 (C.15)
ω30 = ω30(TN) −
ǫR2
2r2V2
e4, (C.16)
ω31 = ω31(TN), (C.17)
ω32 = ω32(TN), (C.18)
ωαm = 0 (α = 4, 5; m = 0, 1, 2, 3), (C.19)
ωαβ = 0 (α, β = 4, 5). (C.20)
The Killing spinor equation for the manifold is given as ∂µη +
1
4ω
MN
µ ΓMNη = 0. The
components µ = r, θ, φ, χ of this equation will be identical to that of the undeformed NUT
space:
Dµη ≡ ∂µη + 1
4
ωMNµ ΓMNη = ∂µη +
1
4
ωmn(TN)µΓmnη = 0 (C.21)
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The u, v components are respectively,
Duη ≡ ∂uη + 1
4
ωMNu ΓMNη = ∂uη+
ǫR2
4r2V2
(Γ12 − Γ30)η = 0 (C.22)
Dvη ≡ ∂vη = 0 (C.23)
From the explicit expressions for spin connections, one can easily check that the combi-
nation
Du + ǫRDy =
(
∂u +
ǫR2
4r2V2
(Γ12 − Γ30)
)
+ ǫR
(
∂y +
ǫR2
4r2V2
(Γ30 − Γ12)
)
= ∂u + ǫR∂y.
We use this fact to simplify the Ω-deformed fermionic action in the main paper.
The conditions for equations (C.21) to have a solution, as we saw in the case unde-
formed NUT case, are:
(Γ12 − Γ30)η = 0, (Γ01 − Γ32)η = 0, (Γ02 − Γ13)η = 0 (C.24)
The condition for the Killing spinor to be independent of u is given by the first of the
above equations. Therefore, the condition for the existence of a Killing spinor on the
six-dimensional manifoldM is
Γ0123η = η (C.25)
which is identical to the condition for the existence of a Killing spinor in the undeformed
case (i.e. for ǫ = 0). The Killing spinor can be explicitly written in terms of the local
coordinates as
η = e−θΓ10eφΓ12η0 where Γ0123η0 = η0 (C.26)
To see what the above constraint Γ0123η0 = η0 means in terms of the 6D spinors defined
before, note the identificaion Γ0 → Γ2, Γ1 → Γ5, Γ2 → Γ4,Γ3 → Γ3, where the Γi are
the gamma matrices defined in Appendix B. The constraint therefore is Γ2Γ5Γ4Γ3η0 = η0
which is equivalent to −Γ2Γ3Γ4Γ5η0 = η0 or 12×2 ⊗ γ5η0 = η0. Therefore, the 6D spinor
satisfying the constraint is of the form,
η0 =
(
ζ
0
)
(C.27)
From a 4D perspective, the projection condition simply reduces to γ5ζ = ζ which
restricts the supersymmetry to half.
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